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The heat transport in the presence of a viscous flow and a magnetic field is studied for a rare-
fied polyatomic gas enclosed between infinite parallel plates. The total "viscomagnetic heat flux" 
is the sum of a bulk and a surface heat flux. According to moment equations of the Waldmann-
Snider kinetic equation, the bulk heat flux is due to gradients of pressure (i. e. second order 
derivatives of flow velocity) and of tensor polarization. For the tensor polarization a second order 
differential equation is solved with boundary conditions obtained by Waldmann's thermodynamic 
method. This method also supplies an ansatz for the surface heat flux. In a thermally isolated box 
the viscomagnetic heat flux gives rise to a temperature gradient in ^-direction if the magnetic 
field is in z-direction and the gas is flowing in x-direction. The bulk contributions to this transverse 
temperature gradient have already been given by Levi, McCourt and Beenakker. Now, the surface 
contributions and the total effect are studied quantitatively for some gases. In particular, it is 
discussed how a new surface parameter could be determined from future experimental data. 

1. Introduction 

Since Maxwell s work 1 on transport phenomena 
in rarefied gases it is known that modifications on 
the heat flux and on the friction pressure tensor 
occur at low pressures: Second order derivatives of 
flow velocity contribute to the heat flux 2, and like-
wise second gradients of temperature are present in 
the friction pressure tensor3 ' 4. The corresponding 
expressions for the "viscous heat flux'1 and the 
"thermal stresses" for a rarefied polyatomic gas in 
a magnetic field have been derived by Levi et al .0 '6 . 
For a polyatomic gas in a magnetic field, the trans-
port processes are no longer isotropic, the second 
rank thermal conductivity tensor and the fourth 
rank viscosity tensor replace the scalar transport 
coefficients: Senftleben-Beenakker effect7. Similarly, 
in rarefied gases the effects due to second order 
gradients of temperature and velocity are influenced 
by a magnetic field6. In particular, the magnetic 
field dependent thermal stresses become manifest5 '6 

in the Scott effect 8 (thermomagnetic torque). As a 
reciprocal phenomenon, Levi et al.6 predicted the 
existence of a viscomagnetic heat flux: In a rarefied 
polyatomic gas, flowing in x-direction, a heat flux 
in ^-direction should occur, if a magnetic field in 
z-direction is present. In a thermally isolated rect-
angular capillary, a transverse temperature gradient 
builds up. Recently, the existence of this effect has 
been demonstrated bv Eggermont et al. 9. 
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Besides the bulk effects, discussed so far, the 
boundary layer phenomena play an equally impor-
tant role in a rarefied gas. So, for the thermo-
magnetic torque, slip effects (thermal 0 and thermo-
magnetic 10) have to be taken into account besides 
the bulk thermal stresses. This is in accordance 
with the existence of the thermomagnetic pressure 
difference 11? 12, a phenomenon which is entirely de-
termined by slip effects 1 0 '1 3 . 

The topic of this paper is the calculation of the 
boundary layer contributions to the viscomagnetic 
heat flux. Two types of such contributions are dis-
cussed. First, it is noted that the total heat trans-
ported through the slit formed by two infinite par-
allel plates consists of the bulk heat flux q and of 
the "surface heat flux" Q. The surface heat flux14-16 

accounts for the difference between the actual value 
of the heat flux at the wall and the value of q ex-
trapolated to the wall. Secondly, the bulk heat flux q 
itself is influenced by boundary effects. In this con-
nection, the behaviour near the wall of the tensor 
polarization and the Kagan polarization (which are 
used for the description of the field effects) is of 
crucial importance. The treatment is based 17 

i) on moment equations derived from the Wald-
mann-Snider kinetic equation18 ,19 , and 

ii) on boundary conditions obtained from the inter-
facial entropy production by Waldmann's ther-
modynamical method 14. 

In particular, a differential equation and a boundary 
condition for the tensor polarization, and an ansatz 
for the surface heat flux are available. 
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The transverse temperature gradient calculated in 
this way consists of the bulk contribution already 
given by Levi et al.6 and of a "surface contribu-
tion". For the gas N2 as a representative example, 
the importance of the surface contribution is studied 
quantitatively. To this end, for two of the phenome-
nological surface parameters the values are used 
which were obtained from the analysis of thermo-
magnetic pressure difference d a t a T h e thermal 
slip number is taken 16 from thermal transpiration 
data. Furthermore, a new surface parameter occurs 
which characterizes the coupling of the surface heat 
flux with the boundary value of the Kagan polariza-
tion. It is shown how the magnitude of this parame-
ter influences the total effect. Special attention is 
given to the value and position of the maximum of 
the transverse temperature gradient as a function of 
the magnetic field strength for different orientations 
of the field. 

2. Statement of the Problem 

In a rarefied polyatomic gas which flows through 
a flat rectangular capillary placed in a magnetic 
field, a transverse temperature gradient perpendicu-
lar to the flow direction occurs. This was predicted 
by Levi et al.6 and recently has experimentally heen 
verified by Eggermont et al.9. For simplicity, theo-
retical calculations will be made for the flow of a 
gas between infinite parallel plates (of distance 2 d) 
located at 2 = ± d, with a pressure gradient 

Vp(0)= (dp/dx)0ex 

applied (for zero field) in x-direction. 
The total heat transported parallel to the plates is 

the sum of a bulk and a surface term, 

JQ = y'dz q t a n + Q(rf) + Q { - d ) , (1) 
-d 

with qUm = q-ez ez q. Here, q is the heat flux in 
the bulk gas and Q ( + d) is the surface heat flux at 
the plates z= id. The surface heat flux 14 makes 
up for the difference between the true boundary 
value of the heat flux and the value of q obtained 
by extrapolation to the wall. From a thermodynam-
ical point of view, the surface heat flux is linked 
with the thermal slip, i. e. with phenomena like 
thermal transpiration and thermal force 16. 

The bulk heat flux q is a sum of two terms, 

q= - X - V r + qfvM, (2) 

the ordinary contribution due to a temperature gra-
dient, and the viscomagnetic bulk heat flux CJfvM 
which arises from a pressure gradient, i. e. from 
second order derivatives of velocity. The second 
rank thermal conductivity tensor X depends on the 
strength and orientation of the magnetic field, with 
the field influence (Senftleben-Beenakker effect") 
being a small effect of the order of 1%. For zero 
field, the temperature is constant in plane Poiseuille 
flow. Hence, due to the smallness of the field de-
pendent temperature gradient, the first term in Eq. 
(2) can in good approximation be replaced by its 

isotropic value — AV T: 

-lVT+q VM (3) 

Under the assumption that V T depends on z only, 
both dT/dx and dT/dy are constant, so Eqs. (1) 
and (3) give 

J „ » 2 d [ - X ( V T ) + q%] + Q ( d ) + Q ( - d ) , 
(4) 

where 
+ d 

flvM 2 d 
dz Q V M 

- d 

is the value of QVM averaged over the slit. 
If the walls of the channel are adiabatic, the 

viscomagnetic heat flux gives rise to a transverse 
temperature gradient. From the adiabatic condition 
J,, = 0 and Eq. (4) one finds 

(V 71)1 q^ + jj(Q(d)+Q(-d)) 

(5) 
In the following sections this temperature gradient 
shall be calculated in lowest order of the inverse of 
the average pressure p 0 , viz. in the order Po"1- The 
surface heat flux in this approximation does not 
contain (V7 , ) t a n itself. 

3. Heat Flux in the Bulk Gas 

In a non-equilibrium situation in a polyatomic 
gas, the rotational angular momenta J of the mole-
cules, due to the nonspherical interaction, are par-
tially aligned through collisions. For most gases, the 
(second rank) tensor polarization a-020°), 

(0200) _ /(*(0200)\ u hv —• \ ftv / , 

(6) 
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and the (third rank) Kagan polarization a/1 2 0 0\ 

\ «B^O 

are the dominant types of alignment in streaming 
and heat conducting gases7. The symbol ( . . . ) de-
notes a non-equilibrium average, ( . . . ) o an equi-
librium average, respectively; TT1. refers to the sym-
metric traceless part of a tensor; m, C are the mo-
lecular mass and velocity, kB is Boltzmann's con-
stant and T0 the equilibrium temperature. Applica-
tion of the moment method 20 to the relevant kinetic 
equation due to Waldmann 18 and Snider 19 leads to 
a set of coupled transport relaxation equations for 
these polarizations and other physical quantities of 
interest, like the heat flux q and the friction pres-
sure tensor p . So, the following ansatz for the bulk 
viscomagnetic heat flux is obtained: 

qxm = X a T0 po"1 (5 - W1A (<p12)) • V p (8) 

+1 w2 t0 p o ^ v • 2 a + ; t i < p 1 2 ) - i a „ ( ° 2 ) . 
n = -2 

The first term in Eq. (8) is easily recognized as the 
generalization of Maxwell's viscous heat flux. The 
factor § in Maxwell's work 1 is replaced by 

« = f x ( 1 + £)' (9) 

i. e. in a polyatomic gas the translational part / t r 

of the total heat conductivity A occurs. If values for 
the viscosity Y] and the bulk viscosity Yj\ are known, 
the ratio AtrfX can be calculated from 

/(^hiY 
where cr = c r o t / (crot + | k%) is the relative rotational 
specific heat. The correction term e arises from the 
coupling of (eliminated) higher moments, e. g. 
a(20i0) a n ( j a(200i)t jf th e contributions due to in-
elastic collisions (i. e. change of rotational energy) 
are neglected, £ can be expressed21 in terms of 
Chapman-Cowling reduced !2-integrals and is ap-
proximately given by 

iO(2.2)* _4_Q(2.3)* 
e ~ 2>2)* - 4 .Q(2,3)* + 2£LQ(2,i)* m 

Special values are £ = 0 for Maxwell molecules and 
£ = — 0.2049 for hard spheres. The hard sphere 

value is close to the numbers obtained (with dif-
ferent types of approximation) by Jones3 and by 
Burnett4. For a Lennard-Jones potential, £ is a func-
tion of the reduced temperature 2 2 ; typical values for 
gases like N2 at room temperature are £ Ä; —0.1. 

A magnetic field H = Hh(h ll = l) influences 
the transport phenomena through the molecular 
magnetic moment gT ju^J connected with the rota-
tion, gr is the rotational ^-factor, ju^ the nuclear 
magneton. The second rank tensor A in Eq. (8 ) , 
Aßv((p12) = hß hv f(<p12) 

+ (dßv — hß hv) g (/(<p12) + 2 / ( 2 cp12)) 

+ e ß , v K l { g { c p u ) + 2 g { 2 c p V 2 ) ) , (12) 
with 

f(<p12) =<Pl2/(l+<pf2), #(<Pl2) =^12/(1+^12) , 

contains the field direction h and depends on the 
field strength H via the precession angle <p12 oc H/p0 . 
The precession angle 

<PPq = ^ i T . ^rei= (16 kBTjm)i, 

(13) 
is the ratio of the precession frequency o)H = 
(1 /h)gTju^H and a gas collision frequency; n0 is 
the equilibrium density, p0 = n0 k% T0 . Here, (p12 

and <p02 will occur. With the help of A, the heat 
conductivity tensor X can be written as 23 

X = A ( 6 _ f « A (<pl2)), (14) 

where characterizes the relative size of the 
field effect *. 

The second term in Eq. (8) is due to gradients 
of the tensor polarization. In the following, for con-
venience, the variables A (02 ) and A ( 1 2 ) will be used 
instead of a«*200) and a^1200): 

AC°2) = y 2 S ® ) © - 1 ( o2oo ) p 0a( 0 2 0° ) , (15) 

A(*2) = [2(3(8188) @ (1188) I * © " 1 (§§88) Po a r i 2 0 0 ) . 

The spherical components A, / 0 2 ) = : A ( 0 2) of 
+ 2 

the "tensor polarization" A (02) = 2 Aw(02) itself are 
« = - 2 

determined by velocity gradients (see Section 4 ) . 
Notice, that the fourth rank projection tensors20 

* For WW see e . g . Refs. 2 3 , 2 4 ; with the constants used 
here, one has 

6 ® S - 2 « W^WW , 

see Eqs. (16) , (18) and (41) for W2 and WW. The no-
tation for the effective cross sections ® ( •plqlrlsl ) is the 
same as in Reference 24. 
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depend on the field direction h. The relative 
size of the two field dependent terms in the bulk 
viscomagnetic heat flux is determined by the values 
of the two constants and W2 which can be ex-
pressed in terms of effective cross sections in the 
following way: 

i P o . ^ - K V ^ o . (16) 
with 

, l / T 

h ~ \ 5 © « ) (17) 

•[©(ioio) @( iooi ) - © 2 ( i o o i ) ] _ 1 , 
and 
v - 1 / Ä g f f l ) 

[ 4 Ä(0200) 1200) 

(18) 

According to Eq. (5 ) , the transverse temperature 
gradient is determined by the averaged viscomag-
netic heat flux. With the assumption that the tensor 
polarization depends on z only, the integration of 
Eq. (8) gives 

qVM = AaT0po"1 [Vp-XF1A(<p12) • Vp(®)] 
1 + 2 

+1 W2 T0 p0 eg 2 (l + in<p12) 1 
^ « n= -2 

•[Aw(«2)(</)-An(02) ( - < * ) ] . (19) 

For the evaluation of the first term in Eq. (19) , the 
magnetic field depend pressure gradient in the 
streaming gas has to be known. In the second term 
however, the field free value V p ^ can be inserted, 
if contributions of the order are neglected. 
The third term in Eq. (19) is given by the boundary 
values of the tensor polarization, hence boundary 
layer phenomena will be of importance for the aver-
age viscomagnetic heat flux in the bulk. 

4. Boundary Conditions, Surface Heat Flux 

For the calculation of the transverse temperature 
gradient, boundary conditions for the tensor polari-
zation and an ansatz for the surface heat flux are 
needed. Both are derived by the thermodynamical 
method introduced by Waldmann 14. Starting point 
is the entropy production at the interface between 

two media, i. e. the gas and a solid. According to 
the principles of non-equilibrium thermodynamics, 
the surface entropy production is transformed into 
a sum of products of independent "fluxes" and 
"forces" , using the local conservation laws at the 
interface. In particular, the energy law, 

(q-qs) n + k v = Q, (20) 

connects the discontinuity of the normal heat fluxes 
in the gas (q) and in the solid (Q s ) , and the work 
term ( k - V ) with the divergence of the surface heat 
flux Q. Here, TI is the outward unit normal of the 
gas at the interface, k = p n is the force the gas ex-
erts per unit area of the solid, and denotes a two 
dimensional surface derivative. Linear relations set 
up between "fluxes" and" forces" supply the bound-
ary conditions 1 4 '1 5 . So, for the surface heat flux an 
ansatz is obtained which is coupled with two other 
vectorial conditions 17, viz. the velocity slip condi-
tion and the boundary condition for the tensor po-
larization components a ( 020°) = ( a ( 0 2 0 0 ) -n ) t a n : 

-7V1 Q = ChU. 7V1 Vtani(T + Ts) 
+ Chm X Po-1 fctan + Cha X a ( 1 2 0°), (21) 

^tan=Cmh x Po-1 vtani(r+r8) 

+ Cm l rj"1 kt&n + Cma c0 a ( 1 2 0°) , (22) 

a ( 0 2 0 0 ) = Cah X (2 po c0) - 1 V t a n I (T + Ts) (23) 

+ Cam (2 Po) - 1 + Ca a ( 1 2 0 ° ) . 
Here, a^1200) stands for a / 1 2 0 0 ) = ( a g 0 0 ) nx /^)tan , 
and I is a viscosity characteristic free path, 

J = ^ c o P o - 1 > c0={kBTjm)i. 
Typically for a consistent treatment of the rarefied 
gas, the tilded velocity V and tilded temperature T 
occur in the boundary conditions instead of the 
actual velocity and temperature 1 5 '1 6 , 

t) = v + f ( 1 + e ) p 0 - 1 q f t r , 

T = T+U l+e) ct T0 P o - 1 n p n , 

where qtI is the translational heat flux, and c t = 
f^B/(crot + f is the relative translational specific 
heat. The phenomenological coefficients C are sub-
ject to two restrictive conditions. One is a conse-
quence of the second law of thermodynamics, re-
quiring a positive surface entropy production, i. e. 
a positive definite C -matrix: 

ck> 0 , (24) 

) 2 > 0 , u = a , h , m . (25) 
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The factors f <*0 = £(») > o, 
- l £(ma) _ 1 S — 2 5 £(ha) t(mh) <s ' — 2 s 

(26) 

enter automatically through the use of the dimen-
sionless slip numbers C instead of the coefficients 
L ( V ) of 

Ref. 17. A second requirement stems from 
Onsager relations: 

Cma = Cam , Cfoa — Cah •> (27) 
Cmh = Chm = 0 • (28) 

With the anti-symmetry (27) , Eq. (25) yields noth-
ing new beyond Eq. (24) , whereas the combination 
of the symmetry (28) with (25) gives a restriction1(i 

for the absolute value of the thermal slip number o, 
C m C h - | ( m h ) o 2 > 0 . 

Next, the general boundary conditions (21) — (23) 
are discussed briefly. According to Eq. (21) , the 
surface heat flux Q is determined by temperature 
gradients along the wall, by tangential stresses and 
by the Kagan polarization component a 120°). For 
the tangential velocity in Eq. (22) , there are several 
types of slip: two sources of thermal slip, due to 
a tangential heat flux (hidden in V) and to tan-
gential temperature gradients, the mechanical slip 
(cx Cm Jctan) and the thermomagnetic s l ip1 0 '1 ' 
(oc Cma a- 1 2 0 0)) . The boundary value of the tensor 
polarization component a 0200) results from two 
production mechanisms, characterized by Cah and 
Ca m , and an accommodation process (cx CaCI11200)). 
Values for the six independent slip numbers can be 
determined in the following way: Cm is found from 
deviations of the frictional force from Stokes' for-
mula, o from thermal transpiration in the high pres-
sure limit, and then Ch is obtained from the analysis 
of thermal force data16. Numerical values for Ca 

and Cam are derived from Knudsen corrections for 
the field effect of viscosity 26 and from thermomag-
netic pressure difference data 12. The only coefficient 
not yet known, Cha = — Cah» can hopefully be in-
ferred from viscomagnetic heat flux experiments. 

Now, the general boundary conditions (21) and 
(23) shall be specialized to the case of a flowing 
gas. For the approximate calculation of the polariza-
tions, the first term in Eq. (23) can be neglected 
since it is nonzero only in the presence of a field, 
thus it is an order of magnitude smaller than the 
two remaining terms. Similarly, the tangential force 
fctan can be replaced by its "isotropic" (field free) 

value fc0tan. In addition to Eq. (23) , there are also 
boundary conditions for the surface scalar part 
n n . a ( 0 2 0 0 ) a n ( j the s u r face tensor part a(0200) of 
the tensor polarization1T. However it is assumed 
that they are related by the same Ca to the corre-
sponding components of the normal Kagan polariza-
tion nx o;1/.00' • So, for the present situation one has 

n n : a(0200) = C a n n : { n a^120°)) , 
Q ( 0 2 0 0 ) = C - a Q ( 1 2 0 0 ) . 

Thus, a boundary condition for the total tensor 
a(0200) c a n b e statecl. f o r the variables A^02) and 
A-12) introduced in Eq. (15) , it reads 

A ( 02) = Cam 2 fc0ta" n + Ca n • A<12), (29) 

where C a m , Ca are related to C a m , Ca by 
fSi f2000\ 

r _ ° v 0200) 7, 
^H0200i 

C a = [ @ ® / S ® ) ] * C a . (30) 

In the ansatz (21) for the surface flux, the first term 
can be neglected since it is of order p0~2 and here 
only terms of the order p 0 _ 1 shall be retained. Using 
Cha instead of Cha , 

c h a = m @ ( 8 f p © ( i i f f i ) ] » © " 1 ® Cha, 
(31) 

one finds 

Q = - 1 T0 po"1 (a k + Cha W,nn : A f l 2 > ) . 

(32) 
For the explicit calculation of Q, the magnetic field 
dependent force k tan (i. e. the pressure gradient) 
and the Kagan polarization have to be determined. 

5. Tensor Polarization in a Streaming Gas 

By insertion of the ansatz for the Kagan polariza-
tion into the moment equation for the tensor polari-
zation, second order differential equations for the 
spherical 

components Anare obtained1 ' . For a 
streaming gas with A, /0 2 ! = A,/021 (2) they are 

1 - L „ 2 - ^ W » 2 ) = 2 r > ( v i ) n 

az- J 1 + in cpQ.2 

2 z 1 + i n <J?02 
n = 0, ± 1 , ± 2 . 

e , V P W ) „ 

(33) 

Here, the velocity gradient has been replaced by its 
field-free value for plane Poiseuille flow. The mag-
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netic field dependent quantity Ln has the dimension 
of a length 

Ln = L0 [ ( 1 + in<p02) (1 + in<p12)]~i, ( 3 4 a ) 

where the free path L0 , 
L0 = n0 1 frei (kB Tjm)J [ 3 (oloo) © (1200) ] * 

i i ^ [ @ ( 8 i 8 8 ) @ ( i § 8 8 ) ] (34 b) 

somehow characterizes the thickness of the layer in 
which the transition from the boundary value to the 
bulk value of tensor polarization takes place. 

The solution of Eq. (33) , 

A^^-r—?- \e,Vp(-°>)n + B„, (35) L + in <pQ 2 

is the sum of the bulk value of tensor polarization, 
first term in Eq. (35) , and of a "boundary layer" 
term B„ which satisfies the homogeneous differential 
equation 

1 - V d 2 
dz2 

B„ = O . 

Consequently, will be the superposition of a 
sinh(z/L„) and a cosh (z/Z,,,) term. For the inhomo-
geneity in the boundary condition (29) one has, for 
z=±d, fc0tan = -dV p(°> and Tl = ± ez, so that 
A„(02) has to be an odd function of z. Hence, the 
solution for B „ can be written in the form 

sinh (z/Ln) 
B a = ßn 2 d (ez V p ( 0 ) ) „ , (36) 

sinh (d/Ln) 

and with the ansatz for the Kagan polarization, 

1 
e2 A 2 

I2 1 +in <p12 

— A ( 0 2 ) + (1 + e) /1 e2 V p (0 ) 
az 

(37) 

the constant ßn is found from the boundary con-
dition (29) as 

ßn 1+in q)02 
- C n 1 + C a 

1 + i n cp0 2 \ 
1+in <p12 )' 

(38) 
This actually is the simplest approximation for ßn, 
neglecting terms of the order L0/d and replacing 
coth (d/Ltt) by 1. 

According to Eq. (36) , the surface contribution 
B „ to the total tensor polarization profile is different 
from zero only in a boundary layer of thickness L0. 
Further away from the wall, only the bulk contribu-
tion, first term in Eq. (35) , remains. For the value 

of the tensor polarization at the plates, 

Aw(02;) (d) = — A„(02) ( — d) 

1 
(39) 

+ ßn 2 d(ezVpW)H 
1+in <p02 

both contributions may be of the same order of 
magnitude. In Levi, McCourt and Beenakker's ap-
proximation6, only the bulk term [first term in Eq. 
(39 ) ] was taken into account. Neglecting the sur-
face contribution is, from the present point of view, 
equivalent to assuming large Ca-values, Ca ^ 1 and 
Ca J Cma I; realistic values of Ca , however, are of 
the order of unity 12' 26. In order to get some feeling 
for the relation between the size of the wall effects 
and the magnitude of the surface parameter Cma, 
two special cases of Eq. (39) are discussed now. 
For zero field, the "surface contribution" ß0 = 
(C'ma — l ) / ( C a + 1 ) has to be compared with the 
"bulk value" of 1. With C m a < l , one gets ß0<0, 
i. e. different types of tensor polarization are pro-
duced in the boundary layer and in the bulk gas. 
For high fields, the bulk contribution vanishes, 
whereas the surface contribution is proportional to 

£n = C m a / ( l + C a ] / @ ® / © ( » ) . 

Hence, the sign of Cma determines the type of tensor 
polarization which survives near the wall. More 
details about the tensor polarization profile (35) , 
(36) can be found in Reference 26. 

6. The Magnetic Field Dependent Pressure 
Gradient 

The complete expression for the pressure gradient 
is obtained from the solution for plane Poiseuille 
flow in a magnetic field26. In the limit Ljd = 0 
however, the expression for dp/dy can easily be 
derived, using the following arguments. Basically, 
one assumes that Vp is a function of 2 only, then 
dp/dx and dp/dy must be constant. By insertion of 
the ansatz for the friction pressure tensor 

p = - 2 ^ 0 ] (W + $(l+€)p0-1Vqtx) - WMA(02) 

into the steady state equation for momentum con-
servation, 

V p = - V p , 

one readily finds, using V V = 0, V • qtT = 0, 

V p = V • V ( r + f (1 + £ ) p 0 _ 1 Qtr) 
_i_ v - A ( 0 2 ) . (40) 
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Here, r j ^ denotes the " isotropic" value of shear 
viscosity, and the quantity 

r~2 (2000 \ (,0200; WW = 
^(2000) ©(0203) 

(41) 

characterizes the relative magnitude of the viscosity 
field effect. The last term on the right hand side of 
Eq. (40) gives a constant and an exponentially 
varying contribution which vanishes in the bulk gas. 
Since the second term reduces to third order deriva-
tives of A(02), only the exponentials ( from B„) re-
main. Finally let us look at the ^/-component of the 
flow velocity; vy will be the sum of a parabolic 
profile and of terms decaying exponentially with 
increasing distance from the walls. By the flow in 
^/-direction, no gas shall leave the channel, so that 
v y = 0 must be required. Consequently, in the bulk 
gas, vy is of order Ljd. Therefore, V • V vy contains 
constant terms of the order Ljd and exponential 
terms. As a conclusion one finds that the constant 
transverse pressure gradient dp/dy, for Ljd = 0, 
is determined by the constant terms in V - A ' 0 2 ) only, 
hence from Eqs. ( 3 5 ) , (40) 

2 ^ P = 2 
oy k= -2 1 +in<p0o 

: [e2Vp(0)]n 

(42) 

7. The Transverse Temperature Gradient 

By insertion of the results (39) and (42) for 
A ( 0 2 ) (g0 and dp/dy into Eq. ( 1 9 ) , the ^/-component 
of the average viscomagnetic heat flux in the bulk is 
obtained as 

Qy' QVM = * T . p ^ l - a W , ey A(<p12) 

+ 2 2(e,e,):[eIVpW]„ 
n = -2 

a WW W9 t 1 

• V p (0) 

(43) 

+ ßn 1 + in<p02 1 + in <p12 \ 1 + in <p02 

The term with the ßn is the surface contribution, 
whereas the three remaining terms constitute the 
bulk contribution already given by Levi, McCourt 
and Beenakker 6 . 

In addition to the bulk heat flux qyj i there is 
also the surface heat flux Q which is given by the 
boundary condition ( 3 2 ) . For the flow between 
infinite parallel plates, the first term in Eq. (32) is 
simply found from Eq. (42) and from 

kUn (d) = fctan ( - d) = - d (V p ) t a n . 

The second term in Eq. (32) is calculated with the 
help of the ansatz (37) for the Kagan polarization. 
Here, in lowest order in Ljd, only the exponential 
B„-term in A'0 2 1 has to be retained in Eq. ( 3 7 ) ; in 
the same approximation, coth (d /Ln ) is replaced by 1. 
The result for the ^/-component of the surface heat 
flux is 

Q„(d)=QA-d) 

= dXToPo"1 2 2(eyez): ( e . V p W ) , (44) 
n= - 2 

a WW 
, , . " +Cha ßn 1 +1 n <p02 

1 + i n <p02 

1 + in<pX2 

Now, with Eqs. ( 43 ) , (44) the general expression 
for the transverse temperature gradient dT/dy can 
be derived from Equation (5). Of practical interest9 

in particular is the case where the magnetic field 
varies in the plane perpendicular to the field-free 
flow direction Gx, 

h = cos X + sin % e2 . (45 ) 

Using Eq. (38) for ßn , and evaluating the depen-
dence on the field direction [with Eq. (12 ) and the 
Appendix of Ref. 2 6 ] with V p ( 0 ) = ex{dp/dz)0 leads 
to the explicit result: 

3 T TJdp 
sin x + AX + cos2 %(AS - 2 Ax) ] , 

(46) 
p0 \3x/o 

<5 = a Wx I (g{<px2)+2g(2<p12)), 

3 y 

where 

An = ^ (a + a) WW + W, j g(n cp02) 

1 
W2g(n<p12) 

(47 ) 

(48) 

+ W0 Im 

1 

1 
I + in <p02 

l + c a 
1 + i n <p02 

1 + in<p12 

1 +in cp12 
+ Q ha 

I / 1+^^02 
j 1 + i n (p12 

n = 1,2, 

and r is an abbreviation for the ratio 

r — ^ U200J/ ^ \0200 j • 

According to Eq. ( 4 6 ) , the transverse tempera-
ture gradient is inversely proportional to the average 
gas pressure p 0 , and is proportional to the field-
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free pressure gradient (dp/dx)0. If the magnetic 
field is perpendicular to the plates (and to the field-
free flow direction ex), y = 9 0 ° , the temperature 
gradient as a function of H/p0 reaches its largest 
absolute value if | ^02 !' ! ,(Pi2 I a r e about unity. With 
decreasing angle this maximum decreases about 
like s i n / and shifts to lower ///p0-values, since for 
Z < 9 0 ° the double frequencies 2<p02, 2cp12 (through 
A2) come into play. The transverse pressure gra-
dient [according to Eq. ( 4 2 ) ] , 

- [9(^02) +cos2x(g(2<p02) -2^(^02))] . 

shows the same type of angular dependence. Notice, 
that the first terms in Eq. (49) and in Ax have the 
magnetic field dependence of the viscosity coeffi-
cient t j - , 

Vs= -V V™ 9 (<Pw) » 

and that the quantity d is proptortional to the trans-
verse heat conductivity coefficient 

; t r a n s v = _ 1 XJ/{X) X {g{cp12) + 2 g ( 2 <p12) ) . 

For ^ = 9 0 ° , the maximum of \dT/dy\ as a func-
tion of H/p0 will therefore occur somewhere between 
that of 1 | and of |/tran8v|. 

Now let us look more closely into some details of 
Eqs. (47) and ( 4 8 ) . The (5-term and the second, 
third and fourth terms in An are the bulk contribu-
tions already given by Levi, McCourt and Beenak-
ker 6. Their result is obtained from our general ex-
pression ( 4 7 ) , (48) with £ = 0 [ i .e . a= %XtT/X, see 
Eq. ( 9 ) ] , o = 0 and Cm a = 0 = C h a , C a > l . The 
remaining terms in A„ are the surface contributions, 
two of them originating from the surface heat flux 
(proportional to o and Cha), and the others (in-
volving Ca and Cm a ) f rom the wall effects for the 
tensor polarization. The relative importance of the 
surface contributions is determined by the values for 

the bulk constants l F 1 , W 2 , and by those for 
the surface parameters C a , C m a , Cha . The con-
stants 1F1 , W2 and can be calculated from 
Eqs. (16) - (18) and (41) with the values for ef-
fective cross sections derived from sound absorption 
measurements (rotational relaxation, rjy) and from 
data on the field effects of viscosity and thermal 
conductivity, see e. g. the values compiled in Refer-
ence 27. Thus, the bulk contributions to dT/dy are 
known, see Table I. The two surface parameters 
Ca and Cm a determine the magnitude of the Knud-
sen corrections for the viscosity field effect2 6 and 
for flow birefringence2 8 . Furthermore, they enter 
into the theoretical expression for the thermomag-
netic pressure difference 13. From this information, 
sets of Ca and Cm a can be found for these gases 12. 

In the next section, it will be shown how the value 
of the yet unknown parameter Cha influences the 
magnitude of the transverse temperature gradient 
d T / d y , the shape of the curve as a function of H / p 0 , 
and the dependence on the angle 

8. Quantitative Results 

For the following discussions and graphs it is 
convenient to use the reduced temperature gradient 
r instead of dT/dy itself: 

3 7 W / 3 p \ 
0dy/\dxlo (50) 

= sin x [d + + cos2
 X (A2-2 Ax) ] . 

The dimensionless quantity r is independent of the 
average pressure p0 and of the field-free pressure 
gradient (dp/dx)0. 

First let us consider the case of £ = 9 0 ° where 
the magnetic field is perpendicular to the plates and 
to the field-free flow direction ex. According to Eqs. 
( 4 7 ) , ( 48 ) , the bulk contribution rb to the total 

Tn 3 y 

Table I . Values for the gas parameters e, Atr/A, a , , W 2 , W W ) calculated from Eqs . (9) — ( 1 1 ) , ( 16 ) — (18) with the 
help of Ref . 2 2 and with the experimental data listed in R e f . 2 7 . T h e bulk contribution to the reduced temperature gra-

dient (for 2 = 9 0 ° ) has its m a x i m u m value | T*> | m a x at ( H / p 0 ) £,ax, see Eqs. ( 5 0 ) , ( 5 1 ) . 

s kr 
X 

a 10 3 *Wt 1 0 3 *W2 1 0 3 *W(v) ( f f /Po) 
kOe/torr 

103 * | rb JMAX 

H D — 0 . 1 4 0 . 7 1 5 0 . 2 4 6 0 . 5 0 1 .61 1 . 9 7 0 . 4 7 1 . 2 0 

CH4 — 0 . 0 7 0 . 6 0 9 0 . 2 2 6 0 .87 0 . 3 4 0 . 8 0 5 . 2 6 0 . 4 4 

C O - 0 . 0 9 0 . 7 2 0 0 . 2 6 2 4 . 4 9 1 . 5 0 3 . 5 2 4 . 3 9 2 . 2 3 

N2 - 0 . 1 1 0 . 7 1 5 0 . 2 5 4 3 . 6 9 1 . 5 3 2 . 7 2 3 . 4 9 1 . 9 4 
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reduced temperature gradient t is given by 

rb = [a WW + 

1 
r — 1 

r — 1 ^•2)9^02) (51) 

The total effect also contains the surface contribu-
tion r\ r = rb + rs. For the gases HD, CH4 , CO and 
N 2 , the bulk contribution has the same sign as the 
rotational ^-factor, viz. rb > 0 for HD, C H 4 , and 
rb < 0 for CO, N2 . The maximum value of | rb | is 
of the order 10~3 , see Table I. For N2 and HD, the 
bulk contribution is plotted as a function of H/p0 

in Figs. 1, 2, together with the surface contribu-
tions and the total effect for a set of C a , Cma (see 
Ref . 1 2 ) and three values of Cha. In the case of 
Crm = 0, the surface contributions subtract from the 
bulk contributions, viz. for N2 over the whole H/p0-
range, and for HD at lower H/p0-values (i. e. 
H/p0 ^ 2kOe/torr) . With large negative values of 
C h a , however, the surface contributions add to the 
bulk contributions, e .g . for Cha = —3.0 in the case 
of No (see Figure 1 ) . This behaviour can be quali-
tatively understood from the discussion of the two 
limits <pPq-+- 0 and <ppq-±oc of Eqs. (47) and (48) . 

For \<ppq\ <\ one finds 
<p12{%aWx+{r + \)W2 + arWW}, 

W. 

(52 a) 

rs cpx2\or WW 
( C a + I ) 2 

1 + 3 r + 1 C - c 
2 a r 1 + 

+ c h a 
r + 1 + rC a + 

2 
(52 b) 

In the case of Cha = 0, t s would have the same sign 
as rb only for large positive values of Cm a ( C a > 0 , 
and usually a < 0 ) ; e .g . for No (r = 2.0) if Cma 

> 2 . 6 , and for HD (r = 6.1) if C m a > 0 . With the 
Cma-values used in Figs. 1, 2, rs <px2 is negative, 
whereas <p\l is positive. Negative values of Cha 
increase t s <pl2 and make it finally positive, viz. for 
Cha< —2.43 in the case of N 2 , and for Ch a < — 1.51 
in the case of HD. 

In the limit j <pPQ \ 1 on the other hand, one 
finds 

Tb » cp\h a ( W x + r - 1 WW) , (53 a) 

t s « 9?i2[r - 1 0 WW + WiiCn-VT^Cto) 
/ ( 1 + V r C , ) ] . (53 b) 

(54) 

Here rb <p12 is positive, whereas for Ci,a = 0 and 
C m a < 0 (e .g . No) Ts<p12 is negative; for HD with 
Cm a = 0.4 and Cha = 0, t*<p12 is positive (see Figs. 
1 and 2). Again, negative C\m-values increase r*<pX2, 
e. g. for N 2 , ts'9912 gets positive if C) ,a< —0.62. 

With these considerations one can qualitatively 
understand Figs. 1 and 2. Furthermore, one can see 
that the total effect (r) increases with increasing 
Cm a and decreasing Cha. The absolute value of the 
surface contribution rs decreases with increasing 
Ca . The dependence of r on Ca and Cma is in ac-
cordance with that of the tensor polarization dis-
cussed in Section 5. 

From the preceding discussion it is obvious that 
for Cha t̂  0 the shape of the total curve t = t (H/p0) 
will change considerably compared with the case of 
Cha = 0? o r with the bulk curve rb. In order to clearly 
demonstrate the effect of the surface contributions 
on the shape of the curve r = r (H/p0), the dimen-
sionless ratio g, 

0= 37 /(9p 

~ T0 dy/\dy 

of the transverse temperature gradient and the trans-
verse pressure gradient is plotted versus H/p0 in 
Figs. 3 and 4 for N2 and HD, respectively. For both 
gases, o is positive and of order unity. The surface 
contributions influence the value of Q in a different 
way at low and high fields; e .g . for the bulk con-
tributions alone, Q decreases at higher H/p0 , where-
as the inclusion of the surface contributions may 
result in an increase of o. 

With the parameters used here, the total trans-
verse temperature gradient for % = 9 0 ° has the same 

Fig. 1. Bulk (••••) and surface ( ) contributions to the 
total ( ) reduced temperature gradient r for N , , cal-
culated for £ = 9 0 ° from Eqs. ( 4 7 ) , ( 4 8 ) , ( 5 0 ) , ( 51 ) with 
the help of Table I, C a = 1 . 0 , C m a = — 0 . 3 and three Cha 
values. The effective thermal slip number 0 + 3 = 0 . 1 8 9 was 

taken from R e f . 1 6 . 

Fig . 2. Same as Fig. 1 for the gas H D with C a = 0 . 4 , C m a = 
0 .4 , < j + a = 0 .2 . 

Po 3T // 3D\ 
Fig. 3 . The ratio a — •_ — / for N o , calculated for T0 ay! \ dy/ 
7 = 9 0 ° from Eqs. (46) — (49) with the parameters from 
Fig. 1 ; ••• is the bulk contribution, is the total 

effect for three Cha values. 

Fig . 4 . Same as Fig . 3 for H D with parameters from 
Figure 2. 
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n 2 H 

st 

Fig. 5 . Direction of the transverse temperature gradient 

ey-^r- for N 2 (<7r<0) , with the magnetic field H = ez H 
dy 

( ^ = 9 0 ° ) and the field free pressure gradient V p f ° ' = 

direction as the bulk contribution, viz. that of 

sign (gr) V pW X h . 

The relation between the three vectors ey dT/dy, 
V and h is shown in Fig. 5 for N 2 . 

Finally, the angular dependence of the effect shall 
be discussed, i. e. the change in dT/dy through the 
variation of the field direction h in the plane per-
pendicular to the field-free flow direction ex. If 
the angle % gets smaller than 9 0 ° , the absolute 
height of the effect decreases, and the maximum oc-
curs at lower H/p0-values. This can be easily under-
stood by inspection of Eq. ( 5 0 ) : [ r | decreases with 
about sin and the double frequencies 2 <ppq be-
come important at ^ < 9 0 ° . In Fig. 6, the change of 

the whole r (H /p 0 ) curve with the angle % is shown 
for N2 and four %-values. For the same gas, Figs. 7 
and 8 display the dependence on % of the value 
|r|max and the position ( # / p 0 ) m a x of the maximum 
of j r j, both normalized with the % = 9 0 ° values. 
The £ = 9 0 ° values of | r |max j m d (# /po ) m a x for N 2 

are listed in Table II for C a = 1 . 0 , two "reason-
able" values12 of Cma and four Cha values. The 
maximum value of [ r | increases with increasing Cm a 

and decreasing Cha and shifts to higher H/p0 values. 
From t m a x , 

I d T / d y | max is easily obtained by ob-
serving that, with T0 = 300 K, p0 = 1 torr and 
(dp/dx)0 = 0.1 torr/cm, a value of T = 10~ 3 corre-
sponds to dT/dy = 30 mK/cm. 
Table II . M a x i m u m position ( H / p 0 ) m a x and value | r | m a x 
of the reduced temperature gradient r for N 2 at ^ = 9 0 ° , 
calculated from Eqs . ( 4 7 ) , ( 4 8 ) , (50) with the parameters 
listed in Table I, with C a = 1 . 0 and two Cma'Values for 
four different C h a . T h e effective thermal slip number o+tx 

= 0 . 1 8 9 was taken from thermal transpiration data 16 . 

Cma — - 0 . 3 Cma—" - 0 . 8 

Cha 
(ff /Po) max 
kOe/torr 

103|r|max CH/p0) max 
kOe/torr 

1 0 3 | r ] m a x 

0 3 . 7 7 1 . 2 9 3 . 5 6 1 . 1 3 

- 1 . 0 3 . 8 9 1 . 6 4 3 . 7 1 1 . 4 5 

- 3 . 0 4 . 0 5 2 . 3 6 3 . 8 8 2 . 0 9 

- 5 . 0 4 . 1 3 3 . 0 7 3 . 9 9 2 . 7 4 

0.00 
0.10 1.00 10.00 100.00 

H / p k O e / t o r r 

1.50 

-T-103 

1.00 

Fig. 6. Reduced transverse temperature gra-
dient r for N 2 at four angles % calculated 
from Eqs . ( 4 7 ) , ( 4 8 ) , ( 50 ) with C a = 1 . 0 , 
C m a = - 0 . 3 , C h a = - 3 . 0 , < 7 - f a = 0 . 1 8 9 and 

the parameters from Table I . 
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Fig . 7 . Height of the maximum of , normalized to the 

2 = 9 0 ° value, as a function of the angle x f ° r N 2 , Rh = 

; the function sin % is indicated by 

T h e parameters are C a = 1 . 0 , C m a = — 0 . 3 , o + a = 0 . 1 8 9 , 

Cha = 0 and Cha = — 3 . 0 . 

The existence of the transverse temperature gra-
dient has been detected by Eggermont et al.9. A 
detailed experimental investigation of the effect is 
still going on. The comparison of these results with 

Fig. 8 . Position of the m a x i m u m of 
3 T 
3 y , normalized to 

the £ = 9 0 ° value, as a function of the angle y for N 2 , Rp — 
(H/p0) max I (H/Po) ma* . T h e parameters are the same as in 

Figure 7 . 

the presented theory will give information on the 
hitherto unknown surface parameter Cha • 
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